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Ââåäåíèå

Â îáëàñòè ìèêðî- è íàíîýëåêòðîíèêè âîçíèêàþò çàäà÷è, ñâÿçàííûå ñ
ïðîèçâîäñòâîì è ýêñïëóàòàöèåé ñâåðõòîíêèõ ýëåìåíòîâ. Îäíîé èç ïîäîáíûõ
çàäà÷ ÿâëÿåòñÿ îïðåäåëåíèå ïàðàìåòðîâ äåôîðìèðîâàíèÿ ýëåìåíòîâ
êîíñòðóêöèé, èñïîëüçóåìûõ â ïðîåêöèîííîé ôîòîëèòîãðàôèè. Âîçíèêàåò
íåîáõîäèìîñòü â èññëåäîâàíèè ìåõàíè÷åñêèõ äåôîðìàöèé è íàïðÿæåíèé â
ïëàñòèíàõ ðàçëè÷íîé ôîðìû, â òîì ÷èñëå, êðóãîâûå ïëàñòèíû.

Îòäåëüíóþ òðóäíîñòü ïðåäñòàâëÿåò êîððåêòíîå èññëåäîâàíèå äåôîðìèðîâàíèÿ
òîíêèõ ïëàñòèí, èçãèá êîòîðûõ ñèëüíî çàâèñèò îò íàïðÿæåíèé â ñðåäèííîé
ïîâåðõíîñòè, èç-çà ÷åãî óðàâíåíèÿ, îïèñûâàþùèå ïðîöåññ äåôîðìèðîâàíèÿ,
ñòàíîâÿòñÿ íåëèíåéíûìè.

Ïðè èññëåäîâàíèè äåôîðìèðîâàíèÿ ïëàñòèí â êà÷åñòâå ãðàíè÷íûõ óñëîâèé
îáû÷íî èñïîëüçóþò óñëîâèå æåñòêîé çàäåëêè, íå ó÷èòûâàþùèå ñâîéñòâà
îñíîâàíèÿ. Îäíèì èç ñïîñîáîâ ïîëó÷åíèÿ áîëåå òî÷íîãî ðåøåíèÿ ÿâëÿåòñÿ
èñïîëüçîâàíèå ãðàíè÷íûõ óñëîâèé òèïà îáîáùåííîé óïðóãîé çàäåëêè, ò.å.
ïðîïîðöèîíàëüíîñòè êîìïîíåíò ñìåùåíèÿ è óãëà ïîâîðîòà â òî÷êå çàäåëêè
äåéñòâóþùèì â ýòîé òî÷êå ïðîäîëüíîé è ïîïåðå÷íîé ñèëàì è èçãèáàþùåìó
ìîìåíòó.
Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âëèÿíèÿ çàäåëêè íà ïàðàìåòðû
äåôîðìèðîâàíèÿ ïëàñòèíû.
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Ïîñòàíîâêà çàäà÷è

Â êà÷åñòâå ìîäåëè ðàññìîòðèì êðóãîâóþ ïëàñòèíó òîëùèíû h è ðàäèóñà R,
ñîåäèíåííîãî ñ îñíîâàíèåì. Âîñïîëüçóåìñÿ öèëèíäðè÷åñêîé ñèñòåìîé êîîðäèíàò
(r, α, z), êîìïîíåíòû ñìåùåíèÿ â ñðåäèííîé ïîâåðõíîñòè ïîêðûòèÿ îáîçíà÷èì:
v(r, α), u(r, α), w(r, α).
Ê ïëàñòèíå ïðèëîæåíà ïîïåðå÷íàÿ íàãðóçêà ñ ïîñòîÿííîé èíòåíñèâíîñòüþ
q = const.

Ðèñ. 1: Ðàññìàòðèâàåìàÿ ñèñòåìà êîîðäèíàò, êîíôèãóðàöèÿ äåôîðìèðîâàíèÿ êðóãîâîé
ïëàñòèíû
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Îñíîâíûå óðàíâíåíèÿ

Äëÿ èññëåäîâàíèÿ äåôîðìèðîâàíèÿ òîíêèõ ïëàñòèí â êà÷åñòâå ìîäåëè
èñïîëüçóåì ìîäåëü Ôåïëÿ ôîí Êàðìàíà, ïîçâîëÿþùàÿ ó÷èòûâàòü äîñòàòî÷íî
áîëüøèå ïðîãèáû. Ñîãëàñíî äàííîé ìîäåëè äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ îñåâîé
ñèììåòðèè óðàâíåíèÿ ðàâíîâåñèÿ èìåþò âèä:
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1

r

d

dr

(
r
dw

dr
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=
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+Nr
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dr
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(1)

Âûðàæåíèÿ êîìïîíåíò óñèëèé Nr, Nt è ìîìåíòà Mr ÷åðåç êîìïîíåíòû
ïåðåìåùåíèÿ èìåþò âèä
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Äëÿ óäîáñòâà äàëüíåéøåãî àíàëèçà ââåäåì áåçðàçìåðíûå âåëè÷èíû:

ρ =
r

R
, ïðè

{
r = 0 ⇒ ρ = 0,

r = R ⇒ ρ = 1.

ũ(ρ) =
u(r)

R
, w̃(ρ) =

w(r)

R
,

du
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dũ

dρ
,
dw
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R
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=

1
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,
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Ēh
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q

Ē
.
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+ ÑrĒh
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,

ρ
d(ÑrĒh)
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+ ÑrĒh− ÑtĒh = 0,

ρ
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Ñr =
Nr

Ēh
=
dũ

dρ
+

1
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ρ
,

Ñt =
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Ēh
=
ũ
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dũ
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,
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)
.

(3)

Ñîîòâåòñòâåííî óðàâíåíèÿ (1) â áåçðàçìåðíûõ âåëè÷èíàõ ïðèìóò âèä
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ρ
d

dρ

(
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Âëèÿíèå ïîäëîæêè

Äëÿ ó÷åòà âëèÿíèÿ îñíîâàíèÿ áóäóò èñïîëüçîâàòüñÿ ãðàíè÷íûå óñëîâèÿ òèïà
îáîáùåííîé óïðóãîé çàäåëêè, ò.å. óñëîâèÿ ïðîïîðöèîíàëüíîñòè óãëà ïîâîðîòà è
ïðîäîëüíîãî è íîðìàëüíîãî ñìåùåíèÿ â òî÷êå çàäåëêè äåéñòâóþùèì â ýòîé
òî÷êå èçãèáàþùåìó ìîìåíòó è ïðîäîëüíûì è ïîïåðå÷íûì óñèëèÿì

Ē

 u(R)
−hw′(R)
w(R)

 =

a11 a12 a13
a12 a22 a23
a13 a23 a33

 Nr
h−1Mr

Q

 , Ē =
E

1− ν2 (7)

ãäå aij (aij = aji) � ìàòðèöà ïîäàòëèâîñòè, Nr � ïðîäîëüíîå óñèëèå, Mr �
èçãèáàþùèé ìîìåíò, Q � ïîïåðå÷íîå óñèëèå, êîòîðîå â ñèëó ñèììåòðèè è
ðàâíîìåðíîñòè ðàñïðåäåëåíèÿ ïðèëîæåííîé íàãðóçêè èìååò âèä:

Q =
q · r

2
. (8)

Â ñëó÷àå æåñòêîé çàäåëêè ãðàíè÷íûå óñëîâèÿ ïðèìóò âèä (aij = 0):

u(R) = 0,

w(R) = 0,

w′(R) = 0.
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Ãðàíè÷íûå óñëîâèÿ

• Ãðàíè÷íûå óñëîâèÿ òèïà æåñòêîé çàäåëêè:

u(R) = 0,

w(R) = 0,

dw(r)

dr

∣∣∣∣
r=R

= 0.

⇒

ũ(ρ = 1) = 0,

w̃(ρ = 1) = 0,

dw̃(ρ)

dρ

∣∣∣∣
ρ=1

= 0.

(9)

• Ãðàíè÷íûå óñëîâèÿ îáîáùåííî óïðóãîé çàäåëêè:

u(R) = −a11
Nr

Ē
+ a12

Mr

Ēh
+ a13

Q

Ē
,

w(R) = −a31
Nr

Ē
+ a32

Mr

Ēh
+ a33

Q

Ē
,

−dw(r)

dr

∣∣∣∣
r=R

= −a21
Nr

Ēh
+ a22

Mr

Ēh2
+ a23

Q

Ēh
.

⇒

⇒

ũ(ρ = 1) =

(
h

R

)(
− a11Ñr + a12M̃r + a13Q̃

)
,

w̃(ρ = 1) =

(
h

R

)(
− a31Ñr + a32M̃r + a33Q̃

)
,

−dw̃(ρ)

dρ

∣∣∣∣
ρ=1

= −a21Ñr + a22M̃r + a23Q̃.

(10)
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Ðåøåíèå â ðÿäàõ

Â ñèëó äîïóùåíèÿ ðàâíîìåðíîñòè íàãðóçêè, à òàêæå ñèììåòðèè îòíîñèòåëüíî

îñè z, ìîæíî ñ÷èòàòü, ÷òî óñèëèå Ñr ÿâëÿåòñÿ ñèììåòðè÷íîé ôóíêöèåé, à
dw̃

dρ
�

àíòèñèììåòðè÷íîé ôóíêöèåé îò ρ. Ñëåäîâàòåëüíî, ìîæíî ïðåäñòàâèòü äàííûå
ôóíêöèè â âèäå ñëåäóþùèõ ñòåïåííûõ ðÿäîâ:

Ñr =

(
h

R

)2
1

12ρ

(
B1ρ+B3ρ

3 +B5ρ
5 +B7ρ

7 + . . .
)
,

dw̃r
dρ

= −
(
h

R

)
1

2
√

3

(
C1ρ+ C3ρ

3 + C5ρ
5 + C7ρ

7 + . . .
)
,

(11)

ãäå Ci, Bi � ïîñòîÿííûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ. Èç
óðàâíåíèÿ (5) ïîëó÷àåì:

Ñt =

(
h

R

)2
1

12ρ

(
B1ρ+ 3B3ρ

3 + 5B5ρ
5 + 7B7ρ

7 + . . .
)
,
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Ïîäñòàâèâ (11) â (4) è (6) óðàâíåíèÿ, ïîëó÷èì ñèñòåìó óðàâíåíèé, èç êîòîðîé
ðåøåíèå áóäåò èìåòü âèä:

Bk = − (1− ν2)

2(k2 − 1)

k−2∑
i=1,3,5,7,...

CiCk−i−1, k = 3, 5, 7, . . . ,

C3 =
1

8

(
B1C1 −

12

2
p

(
R

h

)4

2
√

3

)
,

Ck =
1

(k2 − 1)

k−2∑
i=1,3,5,7,...

CiBk−i−1, k = 5, 7, 9, . . .

(12)

ãäå âñå êîýôôèöèåíòû Bk, Ck, k = 3, 5, 7, . . . âûðàæàþòñÿ ÷åðåç ïîêà åùå
íåèçâåñòíûå êîýôôèöèåíòû B1, C1.
Èñïîëüçóÿ óðàâíåíèÿ â (3), à òàêæå ó÷èòûâàÿ ïîëó÷åííîå ðåøåíèå (12) âûðàçèì
ðàäèàëüíóþ êîìïîíåíòó ñìåùåíèÿ

1

(1− ν2)

(
Ñt − νÑr

)
=
ũ(ρ)

ρ
⇒

⇒ ũ(ρ)

ρ
=

(
h

R

)2
1

12(1− ν2)

∑
i=3,5,7,...

Bi(i− ν)ρi−1. (13)
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Êîíñòàíòû B1, C1, à, ñëåäîâàòåëüíî è ñìåùåíèÿ ũ(ρ),
dw̃(ρ)

dρ
, íàõîäÿòñÿ èç

ðåøåíèÿ ñèñòåìû ïåðâîãî è òðåòüåãî ãðàíè÷íûõ óñëîâèé (10):

ũ(ρ = 1) =
(
h
R

)2 1

12(1−ν2)

∑
i=3,5,7,...

Bi(i− ν) =
(
h
R

) [
−a11

(
h
R

)2 1
12

∑
i=1,3,5,7,...

Bi−

−a12 1
12

(
h
R

)2 1

2
√
3

( ∑
i=1,3,5,7,...

i · Ci + ν
R

∑
i=1,3,5,7,...

Ci

)
+ a13

p
2

(
R
h

)]

− dw̃(ρ)
dρ
|ρ=1 =

(
h
R

)
1

2
√
3

∑
i=1,3,5,7,...

Ci = −a21
(
h
R

)2 1
12

∑
i=1,3,5,7,...

Bi+

+a22
1
12

(
h
R

)2 1

2
√
3

( ∑
i=1,3,5,7,...

i · Ci + ν
R

∑
i=1,3,5,7,...

Ci

)
+ a23

p
2

(
R
h

)
,

Íîðìàëüíàÿ êîìïîíåíòà ïåðåìåùåíèé w̃(ρ) (òî÷íåå ïîÿâëÿþùàÿñÿ ïîñëå

èíòåãðèðîâàíèÿ dw̃(ρ)
dρ

íåèçâåñòíàÿ êîíñòàíòà C0) íàõîäèòñÿ èç âòîðîãî

ãðàíè÷íîãî óñëîâèÿ (10):

w̃(ρ = 1) = C0 −
(
h
R

)
1

2
√
3

∑
i=1,3,5,7,...

Ci =
(
h
R

) [
−a31

(
h
R

)2 1
12

∑
i=1,3,5,7,...

Bi−

−a32 1
12

(
h
R

)2 1

2
√
3

( ∑
i=1,3,5,7,...

i · Ci + ν
R

∑
i=1,3,5,7,...

Ci

)
+ a33

p
2

(
R
h

)]
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Ìîäåëü Ôåïëÿ ôîí Êàðìàíà â ïðèáëèæåíèè ïîñòîÿíñòâà
ïðîäîëüíûõ óñèëèé

Â îòëè÷èè îò îñíîâíîé ìîäåëè Ôåïëÿ ôîí Êàðìàíà, â äàííîé ìîäåëè
ïðåäïîëàãàåòñÿ ïîñòîÿíñòâî ïðîäîëüíûõ óñèëèé , ÷òî ïðèâîäèò ê óïðîùåíèþ
óðàâíåíèé (1):

d3w̃
dρ3

+ 1
ρ
d2w̃
dρ2
− 1

ρ2
dw̃
dρ

= 12pρ
2

(
R
h

)3
+ 12Ñr

(
R
h

)2 dw̃
dρ
,

ρ dÑr
dρ

+ Ñr − Ñt = 0 ⇒ Ñr = Ñt = Ñ = const.

Àíàëèòè÷åñêîå îáùåå ðåøåíèå äëÿ êîìïîíåíò ñìåùåíèé w̃(ρ), ũ(ρ) â
áåçðàçìåðíûõ âåëè÷èíàõ èìååò âèä

w̃ (ρ) =
p

4Ñr

R

h
(1− ρ2) + C

[
I0

(
ρ
R

h

√
12Ñr

)
− I0

(
R

h

√
12Ñr

)]
,

ũ(ρ) = Ñr
(1+ν)

− ρ3

48Ñ2
r

R
h
·
(
p2 − 24pR

h
CÑ2

r 1F2

(
3
2
; 2, 5

2
; 3
(
R
h

)2
ρ2Ñr

)
+

+144
(
R
h

)2
C2Ñ4

r 2F3

(
3
2
, 3
2
; 2, 5

2
, 3; 12

(
R
h

)2
ρ2Ñr

))
.

ãäå I0 � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ (ôóíêöèÿ Èíôåëüäà) íóëåâîãî
ïîðÿäêà, C � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ, nFm � ãèïåðãåîìåòðè÷åñêàÿ
ôóíêöèÿ. Ïîñòîÿííàÿ C è âåëè÷èíà óñèëèé Ñr íàõîäÿòñÿ èç ãðàíè÷íûõ óñëîâèé
(10).
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Ðåçóëüòàòû ðàñ÷åòîâ

Â ðàñ÷åòàõ îòíîøåíèå òîëùèíû ïëàñòèíû ê ðàäèóñó ïðèíèìàëîñü: h/R = 1/100.
Çíà÷åíèÿ ìîäóëÿ Þíãà è êîýôôèöèåíòà Ïóàññîíà äëÿ ïëàñòèíû ïðèíèìàëèñü
ñîîòâåòñòâóþùèå ñâîéñòâàì àëþìèíèÿ E = 70 ÃÏà, ν = 0.35. Â êà÷åñòâå
êîýôôèöèåíòîâ óïðóãîé çàäåëêè ïðèíèìàëèñü çíà÷åíèÿ, ñîîòâåòñòâóþùèå
ïëàñòèíå àëþìèíèÿ óêàçàííîé ãåîìåòðèè, ñîïðÿæåííîé ñ êðåìíèåâûì
îñíîâàíèåì:

a11 = 10, a12 = a21 = 1.7, a22 = 12, a13 = 0, a23 = 0, a33 = 0.

Äëÿ çíà÷åíèé áåçðàçìåðíîé âåëè÷èíû èíòåíñèâíîñòè ïîïåðå÷íîé íàãðóçêè:
p = q/Ē = 10−8

√
3, . . . , 10−5

√
3 áûëè âû÷èñëåíû çíà÷åíèÿ áåçðàçìåðíûõ âåëè÷èí

ïðîãèáà â öåíòðå ïëàñòèíû w̃(ρ = 0) (òàáë. 1), ìîìåíòà íà êðàþ ïëàñòèíû M̃r è
âåëè÷èíû ðàñòÿãèâàþùåãî óñèëèÿ Ñr (òàáë. 2, 3) ïðè ãðàíè÷íûõ óñëîâèÿõ òèïà
îáîáùåííîé óïðóãîé çàäåëêè, à òàêæå æåñòêîé çàäåëêè (aij = 0).
Äëÿ ïðåäñòàâëåíèÿ ðåçóëüòàòîâ òàêæå ââåäåì ñëåäóþùåå îáîçíà÷åíèå:

δ =
X −X0

X

ãäå δ � îòíîñèòåëüíàÿ ðàçíîñòü ðåøåíèé X,X0 ñ ó÷åòîì è áåç ó÷åòà
ïîäàòëèâîñòè îñíîâàíèÿ.
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Òàáëèöà 1

Âåëè÷èíû ïðîãèáà â öåíòðå ïëàñòèíû w̃(ρ = 0) ïðè ó÷åòå è áåç ó÷åòà

ïîäàòëèâîñòè äëÿ èñïîëüçóåìûõ ìîäåëåé

p =
q

Ē
aij w̃Series w̃Karman δSeries δKarman

p0 =
10−8 ·

√
3

aij = 0 3.085e-3 3.141e-3 3.39 % 3.49 %

aij 6= 0 3.193e-3 3.255e-3

2p0 aij = 0 5.544e-3 5.819e-3 3.2 % 3.47 %
aij 6= 0 5.728e-3 6.028e-3

20p0 aij = 0 1.960e-2 2.292e-2 3.24 % 4.04 %
aij 6= 0 2.026e-2 2.388e-2

200p0 aij = 0 4.558e-2 5.508e-2 3.41 % 4.21 %
aij 6= 0 4.719e-2 5.750e-2
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Òàáëèöà 2

Âåëè÷èíû ïðîäîëüíîãî óñèëèÿ íà êðàþ ïëàñòèíû Ñr ïðè ó÷åòå è áåç

ó÷åòà ïîäàòëèâîñòè äëÿ èñïîëüçóåìûõ ìîäåëåé

p =
q

Ē
aij ÑSeries

r ÑKarman
r δSeries δKarman

p0 =
10−8 ·

√
3

aij = 0 4.309e-6 4.060e-6 4.06 % 4.02 %

aij 6= 0 4.491e-6 4.230e-6

2p0 aij = 0 1.41e-5 1.390e-5 -0.21 % -0.22 %
aij 6= 0 1.407e-5 1.387e-5

20p0 aij = 0 2.049e-4 2.187e-4 -3.43 % -2.97 %
aij 6= 0 1.981e-4 2.124e-4

200p0 aij = 0 1.304e-3 1.311e-3 -3.33 % -2.98 %
aij 6= 0 1.262e-3 1.273e-3
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Òàáëèöà 3

Âåëè÷èíû èçãèáàþùåãî ìîìåíòà íà êðàþ ïëàñòèíû M̃r ïðè ó÷åòå è

áåç ó÷åòà ïîäàòëèâîñòè äëÿ èñïîëüçóåìûõ ìîäåëåé

p =
q

Ē
aij M̃Series

r M̃Karman
r δSeries δKarman

p0 =
10−8 ·

√
3

aij = 0 2.11e-5 2.12e-5 -1.78 % -1.44 %

aij 6= 0 2.073e-5 2.09e-5

2p0 aij = 0 3.98e-5 4.06e-5 -1.79 % -1.75 %
aij 6= 0 3.910e-5 3.992e-5

20p0 aij = 0 2.378e-4 2.453e-4 -3.75 % -3.37 %
aij 6= 0 2.292e-4 2.373e-4

200p0 aij = 0 1.187e-3 1.219e-3 -9.13 % -8.87 %
aij 6= 0 1.087e-3 1.120e-3
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Âûâîäû

Èç äàííûõ, ïðåäñòàâëåííûõ â òàáëèöàõ ñëåäóåò, ÷òî äëÿ äîñòàòî÷íî ìàëûõ
çíà÷åíèé èíòåíñèâíîñòè ïîïåðå÷íîé íàãðóçêè p = q/Ē ìîäåëü Ôåïëÿ ôîí
Êàðìàíà ïðè Ñr = const è ìîäåëü Ôåïëÿ ôîí Êàðìàíà â ðÿäàõ õîðîøî
ñîãëàñóþòñÿ. Îäíàêî ñòîèò ïîä÷åðêíóòü, ÷òî ïðè óâåëè÷åíèè p ðåøåíèå â
ðàìêàõ ìîäåëè Ôåïëÿ ôîí Êàðìàíà ïðè Ñr = const è ïîëó÷åííîå â ðÿäàõ äëÿ
Ñr 6= const îòëè÷àþòñÿ, ïðè÷åì ïðè p = 10−5 ·

√
3 ðàçíèöà çíà÷åíèÿ ïðîãèáà â

öåíòðå (w̃(ρ = 0)) óæå äîñòèãàåò ïîðÿäêà 20%, èç ÷åãî ìîæíî ñäåëàòü âûâîä, ÷òî
óæå â äàííîì ñëó÷àå âëèÿíèÿ íåïîñòîÿíñòâà ïðîäîëüíûõ ñèë Ñr ñóùåñòâåíåí.
Íåäîñòàòêîì ðåøåíèÿ çàäà÷è ñ ïîìîùüþ ìîäåëè Ôåïëÿ ôîí Êàðìàíà â ðÿäàõ
ÿâëÿåòñÿ óâåëè÷åíèå íåîáõîäèìîãî ÷èñëà ÷ëåíîâ ðÿäà, à ñëåäîâàòåëüíî,
óâåëè÷åíèå âðåìåíè ðàñ÷åòà è íàêàïëèâàíèå îøèáîê ñ ðîñòîì p = q/Ē. Ýòî
ñòàíîâèòñÿ ñóùåñòâåííûì ïðè ÷èñëå ñëàãàåìûõ n > 50, îñîáåííî äëÿ ñëó÷àÿ
îáîáùåííîé óïðóãîé çàäåëêè.
Ïðèâåäåííûå ðàñ÷åòû ñâèäåòåëüñòâóþò î òîì, ÷òî ó÷åò âëèÿíèÿ êîýôôèöèåíòîâ
ïîäàòëèâîñòè ïðèâîäèò ê óâåëè÷åíèþ çíà÷åíèé íîðìàëüíîé êîìïîíåíòû
ñìåùåíèÿ, è óìåíüøåíèþ èçãèáàþùåãî ìîìåíòà è ïðîäîëüíûõ óñèëèé íà êðàþ
ïëàñòèíû âíå çàâèñèìîñòè îò èñïîëüçóåìîé ìîäåëè. Äëÿ ïðîãèáîâ > 5% îò
ðàäèóñà ïëàñòèíû ìîæíî çàìåòèòü, ÷òî çíà÷åíèÿ èçãèáàþùåãî ìîìåíòà íà êðàþ
ïëàñòèíû ñ ó÷åòîì è áåç ó÷åòà ïîäàòëèâîñòè îñíîâàíèÿ îòëè÷àþòñÿ áîëåå ÷åì â
10%.
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Ñïàñèáî çà âíèìàíèå!
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